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1. Introduction 

Let 



^ ' Abstract. We give a new short proof of the most simple relation be- 

O , tween consecutive power sums of the first m positive integers. 

m 
(N 

< 

^ ; Sn{m) = r + 2" + . . . + m". 

I It is well-known that 5'„(m) is a polynomial in m of degree m + 1. In 

[1] it was obtained,probably, the most simple relation between S'„(m) and 
Sn-iim): 

> 

0\'. (1) Sn{m) = m + nS*_i{m), m > 1, n>l 

I where S'*_i(m) is obtained by replacing in S'„_i(m) the powers by 

r,j+i_rr, J _ Q x,...,n. Proof of ([T]) in ^ was rather long including a 



! complicated induction. 

In this note we give quite a different and short proof of ([T]) with help of the 
Bernoulli polynomials Bn{x) which are defined by the generating function 



'-'^ ifl I xt 

(2) T.Bn{x)-. = -^ (50(X) = 1). 



n=0 



There is an almost exhaustive bibliography of the Bernoulli polynomials 
and numbers at K.Dilcher and I.S.Slavutskii [2]. 



-1 1 Tit2a 



a short proof of a known relation for consecutive power sums 2 

2. Proof of Relation 
Using ([2]) for x = m + 1 and a; = we have 

J2iBn{m + 1) - B^m'- = ^ 
^ — ^ n! — 1 

n=0 



or 

/ R _ ('-Kvi _L n _ R +n ^(m+l)t _ T 



^ / i^.+i(m + 1) - g„+i(0) \ r _ e(-+^* - 1 _ 1 I I 

n=0 ^ ^ 



On the other hand we have as well 

°° t"' 

(5n,o + 5'n(m)) — = 
^-^ nl 

n=0 

(4) = y (5„o + 1" + 2" + . . . + m") - = 1 + e* + e^* + . . . + e'"*. 

n=0 

Therefore, comparing ([3]) and (jll) we conclude that for n > 1 

(6) SJ,m) = fl^^.l^+lj-fl^^.W. 

Now to prove ([T]) let us first prove an identity close to ([T]) for the Bernoulli 
polynomials 

(6) + 1) = X- 5n,0. 



Note that 



J + 1 

Therefore, 



x-'Y = — : = / y-'dy — X I y^dy 



o JO 



> + =/ — — -dy-x — -dy 

f-^ n! Jo e* - 1 Jo e* - 1 



n=0 
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On the other hand, for the right hand side of (E]) we have as in ([3]) 
^ /S„+i(x + l)-5„+i(0) ^ \ t" 

n ^ ~ ^"'0 ~i 



(8) =— xe* - 1 = xe*. 

^ ^ e* - 1 e* - 1 

Comparing ([7]) and ([H]) we obtain (P). 

Now from ([5]) we have 

nS-n-iH = S,(m+l)-S„(0). 

Thus, 

ri5:_i(m) = (S„(m + 1) - 5„(0))* = ^^(m + 1) 
and according to and again ([5]) we find 

nSl_^{m) = Sn{m) - m - 6mfl 

and ([T]) follows ■. 

3. Examples 
Since 5'i(m) = then we have 

„ , m? — m m? — m I n ^ . 
b2{m) = m H 1 = -(2m + 3m + m). 

Furthermore, 

^ , , if rn^ — m w? — m — m\ 1 , a 

S3{m) = m + - 2 + 3 + = - + 2m^ + , 

^ ^ 2 V 4 3 2 / 4^ ^ 

^ , , — m — m m? — m 1 , ^ . n 

Siim) = m-\ h2 \ = — (6m^ + 15m^ + 10m'^-m), 
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= — (2m^ + 6m^ + 5m'^ - m^), 

^ , , If vn? — m — m rrv' — m — m\ 

S.H=m+- (^2^ + 6-^ + 6^ —y 

= —i'om' + 21m^ + 21m^ - Iw? + m) 
42 

etc. 
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